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Abstract
In this talk, we report our recent progress on pinning down the cause of negativity in the NLO single inclusive
hadron production in pA collisions at forward rapidity.
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1. Introduction
Parton densities in hadrons are strongly enhanced
when the hadrons are accelerated at high energy col-
liders. However, due to the merging of soft partons, the
parton density stops increasing when the energy is large
enough to reach the saturation regime. Parton density
distributions at high energy are well described by the
color glass condensate (CGC) effective theory [1]. To
study saturation effects, the ideal way is to study pro-
cesses where a dilute projectile interacts with a dense
target. This motivates the intensive study of forward
hadron production in proton-nucleus (pA) scatterings at
high energies.
At high energy, the cross section for this process can
be factorized into the convolution of a perturbatively-
calculable hard part, non-perturbative coefficients de-
scribing the parton densities in the incoming hadrons
and the hadronization of final-state partons into hadrons.
The unintegrated gluon distribution in the dense tar-
get is related to the dipole correlator S (r = x − y) =〈
1
Nc
TrU(x)U†(y)
〉
in momentum space. Its rapidity
evolution is described by the well-known Balitsky-
Kovchegov (BK) equation [2, 3]. The leading-order
(LO) cross section [4] for single inclusive forward
hadron production in pA collisions has been derived,
and numerical implementations [5, 6, 7, 8, 9] of the LO
cross section are found to be consistent with experimen-
tal measurements, however with a rather large overall
normalization factor. It is therefore instructive to under-
stand how these results would change at higher orders.
The cross section for forward hadron production in
pA collisions was calculated at next-to-leading order
(NLO) [10, 11] and the first numerical implementa-
tion of these expressions showed that the cross section
for the production of hadrons at large transverse mo-
menta [12] is negative. Several proposals [13, 14, 15]
have suggested to implement the explicit kinematic con-
straint or ‘Ioffe time’ cutoff to solve this issue, which
however, did not remove the unphysical negativity com-
pletely.
In this proceeding, we analyse the cause of the nega-
tivity at large transverse momentum at NLO, and try to
fix this issue. For the sake of simplicity, we will only
consider the q → q channel in the following as it has
a similar behavior as the full NLO cross section. We
will use the simple Golec-Biernat and Wu¨sthoff (GBW)
[16] parametrization for the dipole correlator, and the
correction from NLO BK equation will be discussed at
the very end.
2. Formalism
The NLO cross section for single inclusive hadron
production at forward rapidity can be read from
Ref. [11] which will be referred to as ‘CXY’. By leaving
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out an overall integration over the impact parameter b,
the differential multiplicity for the quark channel reads
dN pA→hX
d2pdyh
=
∫ 1
τ
dz
z2
Dh/q(z)xpq(xp)
S(0)(k⊥)
(2pi)2
(1)
+
αs
2pi2
∫
dz
z2
Dh/q(z)
∫ 1
τ/z
dξ
1 + ξ2
1 − ξ
xp
ξ
q
(
xp
ξ
)
×
{
CFI(k⊥, ξ) + Nc2 J(k⊥, ξ)
}
− αs
2pi2
∫
dz
z2
Dh/q(z)
∫ 1
0
dξ
1 + ξ2
1 − ξ xpq
(
xp
)
×
{
CFIv(k⊥, ξ) + Nc2 Jv(k⊥, ξ)
}
,
where
I(k⊥, ξ) =
∫
d2q
(2pi)2
S(q⊥)
[
k − q
(k − q)2 −
k − ξq
(k − ξq)2
]2
, (2)
J(k⊥, ξ) =
∫
d2q
(2pi)2
S(q⊥)
[2(k − ξq) · (k − q)
(k − ξq)2(k − q)2 (3)
−
∫
d2l
(2pi)2
2(k − ξq) · (k − l)
(k − ξq)2(k − l)2 S(l⊥)
]
,
Iv(k⊥, ξ) = S(k⊥)
∫
d2q
(2pi)2
[
k − q
(k − q)2 −
ξk − q
(ξk − q)2
]2
,(4)
Jv(k⊥, ξ) = S(k⊥)
[ ∫ d2q
(2pi)2
2(ξk − q) · (k − q)
(ξk − q)2(k − q)2 (5)
−
∫
d2q
(2pi)2
d2l
(2pi)2
2(ξk − q) · (l − q)
(ξk − q)2(l − q)2 S(l⊥)
]
with p = zk, xp = p⊥eyh/(z
√
s), τ = zxp, xg =
p⊥/(z
√
s)e−yh , p⊥ = |p|, q⊥ = |q|, k⊥ = |k|, and
l⊥ = |l|. The color dipole in momentum space is
S(k⊥) = S(k⊥,b) =
∫
d2re−ik·rS (r), while the super-
script (0) stands for the tree level unrenormalized color
dipole. In these expressions, ξ is the longitudinal mo-
mentum fraction of the incoming quark carried by the
outgoing one after the radiation of a gluon with longitu-
dinal momentum fraction 1 − ξ.
Apparently, there are two types of divergences in the
NLO multiplicity: the collinear divergence and the ra-
pidity divergence, occurring in terms proportional to CF
and Nc respectively. The collinear divergence is regu-
lated by dimensional regularization and absorbed into
the DGLAP evolution of PDFs q (x) and FFs Dh/q(z).
The rapidity divergence in the Nc−terms arises when
ξ → 1, i.e., emitting a soft gluon collinear to the target.
Naturally, this divergence should be put into the evolu-
tion of the dense target. In CXY, the rapidity divergence
is regulated by introducing the renormalized dipole
S(k⊥) = S(0)(k⊥)
+ 2αsNc
∫ 1
0
dξ
1 − ξ [J(k⊥, 1) − Jv(k⊥, 1)] , (6)
which in coordinate space is the integral form of BK
equation. This procedure successfully absorbs the ra-
pidity divergence into the evolution of the target, how-
ever it leads to the negativity of the NLO cross sec-
tion at large transverse momenta. An oversubtraction
in the rapidity regularization is found to be the cause of
this negativity. This is easily demonstrated by the be-
haviour of the Nc−terms at large transverse momenta:
J(k⊥, ξ) − Jv(k⊥, ξ) ∼ ξk4⊥ , a positive and linearly in-
creasing function of ξ. To reduce the oversubtraction,
one can, instead of Eq. (6), introduce a factorization
scale ξf between 0 and 1 in the rapidity regularization,
S(k⊥) = S(0)(k⊥)
+ 2αsNc
∫ 1
ξf
dξ
1 − ξ [J(k⊥, 1) − Jv(k⊥, 1)] . (7)
This reduces to the CXY subtraction for ξf = 0, while
less positive contributions will be included in the renor-
malized dipole for ξf > 0 at large k⊥.
3. Results
Having now the general definition of the renormal-
ized dipole with ξf, we will demonstrate its effect on the
cross section by varying the regularization scale. For
simplicity, we will use the GBW model [16] for the
dipole correlator, which is
S (r) = e−r
2Q2s /4 , S(k⊥) = 4pi
Q2s
e−k
2⊥/Q2s , (8)
with the saturation scale Q2s = cA
1/3Q2s0
(
x0
x
)λ
, and A
being the atomic number of the target nucleus, c = 0.56,
Qs0 = 1 GeV, x0 = 3.04 × 10−4 and λ = 0.288. The
simplified result for the NLO cross section in the GBW
model is expressed in [17] for finite Nc rather than in
the large Nc limit taken in CXY. This allows for a clear
separation of the collinear divergence in the CF−terms
and the rapidity divergence in the Nc−terms. We use the
DSS [18] and MSTW 2008 [19] NLO parametrizations
for the FFs Dh/q(z) and quark PDFs q(x) respectively.
We will evaluate the multiplicity at RHIC energy such
that
√
s = 200 GeV, αs = 0.2, µ2 = 10 GeV2 and yh =
3.2.
The results with fixed values of ξf are shown in Fig. 1.
The vertical line in the figure indicates the point where
p⊥ ≈ Qs(xg). On the upper panel, we show the multi-
plicity as a function of transverse momentum for differ-
ent values of ξf. The LO result is shown as the black
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Figure 1: Upper: Multiplicity as a function of p⊥ for different values
of ξf. Lower: Ratio of the multiplicity at NLO and LO for different
values of ξf. In both cases the vertical dashed line corresponds to
Qs ≈ p⊥.
solid line. For ξf = 0, the NLO result turns negative at
p⊥ ∼ 2.5 GeV, which is similar to the full NLO cross
section displayed in Ref. [12]. However, as discussed
in the preceding section, the oversubtraction is indeed
reduced when ξf → 1, in particular, the multiplicity is
positive up to 8 GeV when ξf = 0.999. In the lower
panel, we show the ratio of the NLO multiplicity to the
LO one with various values of ξf for p⊥ up to 2.5 GeV.
Contrary to ξf = 0, the NLO multiplicity is suppressed
at moderate transverse momenta with respect to the LO
result when ξf is close to 1.
We have seen that the value of ξf indeed has an impor-
tant effect on the NLO multiplicity. However the choice
of ξf was kind of arbitrary. Physically, the value of ξf
should be fixed by light cone ordering at NLO. More
precisely, this is related to the k− or x+ ordering required
in the BK evolution. In the calculation of the NLO cross
section, k+ ordering is automatically implemented by
the radiation of a gluon with 0 < 1 − ξ < 1 as depicted
q q− l, ξ
l, 1− ξ
q q− l, ξ
l, 1 ξ
Figure 2: Gluon emission.
in Fig. 2, while the k− ordering has to be implemented
explicitly. At LO, the light cone energy required from
the target is k−LO =
k2
2k+ =
k2
2xpP+
for a collinear quark
from the projectile with energy k+, which defines the
momentum fraction x = k−LO/P
− = xg from the target
at LO. At NLO, according to Fig. 2, the light cone en-
ergy required for the production of the on-shell outgoing
quark and gluon is
∆k−qg =
xgP−
k2
(l − (1 − ξ)q)2
ξ(1 − ξ) . (9)
A correct renormalization of the target should include
the point ξ = 1 in the subtraction. In addition, one
should also implement k− ordering for the evolution of
target. This can be done by requiring the light cone en-
ergy to be greater than the factorization fraction of target
energy x f , i.e., ∆k−qg >≥ xfP−, which tells that gluons
with x > xf should be included in the evolution of the
target. A natural choice for the renormalization scale is
xf ≈ xg such that all the large energy logarithms are re-
summed into the target. For the production of a quark
with large transverse momentum k  Qs, the momen-
tum q − l ∼ k  Qs. The momentum l is an integration
variable, thus of the order of Qs. With those in mind,
when ξ → 1, the light cone ordering reduces to
∆k−qg =
xgP−
k2
Q2s
1 − ξ ≥ xfP
− ⇔ 1 − ξ ≤ Q
2
s
k2
xg
xf
. (10)
Therefore, the factorization scale in Eq. 7 can be fixed
with
ξf → ξf(k⊥) = 1 −min(1, xgxf
Q2s
k2
) , (11)
Using ξf(k⊥) = 1/(1 +
xg
xf
Q2s
k2⊥
) for a smooth transition
between large and small k, the result is displayed in
Fig. 3 with the variation of xf/xg by a factor of 2. The
choice xf/xg = 2 pushes the negativity to much larger
value of p⊥ than ∼2.5 GeV with CXY subtraction.
4. Conclusions and discussion
We have studied rapidity factorization in NLO sin-
gle inclusive hadron production in pA collisions at for-
ward rapidity following the calculation of Ref. [11]. The
B. Ducloue´, T. Lappi, Y. Zhu / Nuclear and Particle Physics Proceedings 00 (2018) 1–4 4
10-30
10-25
10-20
10-15
10-10
10-5
100
105
 0  1  2  3  4  5  6  7  8
dNpAu→h
−X
d2pdyh
[GeV−2]
p⊥ [GeV]
LO
xf/xg = 1
xf/xg = 0.5
xf/xg = 2
Figure 3: Multiplicity obtained using different values of xfxg .
oversubtraction in the rapidity regularization is reduced
by introducing a rapidity factorization scale, which al-
lows us to achieve a positive NLO multiplicity up to ar-
bitrarily large transverse momenta. To fix the factoriza-
tion scale, we proposed to impose light cone ordering in
the evolution of the target, which can significantly im-
prove the results for larger transverse momenta. How-
ever these results are very sensitive to the variation of
the factorization scale even in its natural range. This
could probably be improved by using dipole correlators
obeying the BK equation instead of the simple GBW
model. Furthermore, light cone ordering should be im-
posed exactly in the transverse momentum integrals.
We will address these issues in the future.
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